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On Optimal GFSR Pseudorandom Number Generators

By Shu Tezuka

Abstract. It is shown that in ¢ (> 4) dimensions no optimal GFSR generators exist.

1. Introduction. The binary representation of p-bit GFSR pseudorandom
numbers is defined [1], [2] as follows, for given j1,72,...,Jp,

X1 = Qg +i—1C0jy+i—1 """ Qg +4—1 for 1 = 1,2,3, ey

where {X1} is a sequence of p-bit integers and {a;} is an M-sequence with period
length 2P — 1 whose characteristic polynomial is

f(D)=1+c1D+cyD*+ -+ +cpaDP 2 + ¢, 1 DP~! + D? (mod 2).

Here, the initial values (ai,a2,...,a,) # (0,0,...,0).
The GFSR sequences can be expressed by using the companion matrix of M-
sequences. Denote the companion matrix by C,

[0 1 0 0 O
00 1 0 O
00 0 0 0
c=| ...
00 0 0 0
0 0 0 1 0
0 0 0 0 1
L1 cp-1 Cp—2 ca cC1]
Let* o = (a1,a2,...,ap)%, B = (a;,05,,...,a;,)". Then there exists a matrix G

such that § = Ga. Hence, a p-bit GFSR sequence can be expressed as follows,
Ga, GCa, GC?w,...,GC,... .
Assume that G is nonsingular. Then the above sequence is

B, TB, T*B,...,T*B,...,
where T = GCG™1.
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*zt is the transpose of a vector or a matrix z.
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2. Discrepancy of GFSR Sequences. Recently, the t-dimensional discrep-
ancy of GFSR sequences has been obtained in [3]. Let (L1, Lo, ..., L) be the rank
of the following set of row vectors,

{T%|j=1,2,...,L; for i =1,2,...,t},

where T% is the jth row vector of T¢ and L; > 0 for 1 < 7 < ¢. Let rmin be
the minimum of r(Ly, Lo, ..., L) such that 7(Ly, Ls, ..., L) is not full. Note that
rmin< p. Then we have obtained the following theorem.

THEOREM D. The t-dimensional discrepancy of GFSR sequences with period
2P — 1 1s
DY = O((log M)*C max),
where M = 2P, N = 2P — 1 and C max = 2" ™in,

3. Optimal GFSR Generators in High Dimensions. We have defined the
optimal generators for GFSR sequences in [3]. The definition is as follows.

Definition. When rmin= p, we call the GFSR generator ‘optimal’, where p is
the degree of the primitive polynomial.

Ezample. The following generator G1 is an optimal GFSR generator with f(D) =
D"+ D*+1:

r1 0 0 0 0 0 07
1101001
0001101
Gl=|1 111010
1111111
01 00111
(1 1 0 0 1 1 0J

The purpose of this paper is to prove the following theorem. Here we consider
the case of ¢t (< p) dimensions.

THEOREM. Int (> 4) dimensions, no optimal GFSR generators exist.

Proof. Consider the following linear equation,

t L,
(3.1) YN Thwi; = (0,0,...,0),

1=17=1

where w;; is over GF(2).

Note that the above equation has a nonzero solution if and only if the T%’s are
linearly dependent. The solution of (3.1) is said to be in a class (L1, La, ..., Ls) if
wi, =1foralll <e <t

Denote by C(Ly, L, ..., L¢) the number of nonzero solutions of (3.1) in a class
(L1,La,...,L:). By using the principle of inclusion and exclusion, for L; > 1,
1=1,2,...,t, we have

t
OLy Lo, L) =3 (-1 3 2k lemimslined),

1=0 0<j1<g2< - <Ji<t
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where p(jlaj?" . a]'l) is equa'l to r(flaf?a e 'aft) with

fo=Ln—1 formn=j1,5,...,%,
=L, otherwise,

and where 0< 51 < o << <tandn=1,2,...,t.
Assume that rmin= p in ¢ dimensions. Consider a class (L1, Lo, ..., L;) such
that Y'_, L; = p + 2 with L; > 1. Then

t
C(Ll, Lg,..., Lt) =9opt2-p _ t012p+l—p + Z(—l)‘}Cz-
=2

=4-2{4+t-1=3-1t2>0.

Therefore, ¢t must be smaller than 4. O
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